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1 Introduction 



Ever since the discorvery of the black ring solution by Emparan and Reall[I], 
much efforts have been made to find the solutions in five dimensions. The 5D 
black holes exhibit qualitative new properties in contrast with the siblings 
in four dimensions. Emparan and Reall made use of the C-metric, that 
enabled them to obtain their paticular solution. After that, many solution 
generating techniques have been developed[2]-|10]. One of them is to use the 
inverse scattering method(ISM)|ll], and the symmetries of the theory after 
the dimensional reduction are also made use of in genelating new solutions. 
One of the authors applied ISM to the 5D static Einstein equation[T2], and 
then we also applied this method to the 5D stationary Einstein equation[13]. 
The 5D rotating black ring solution is the solution in which the gravity and 
cetrifigual forces cancel. We expected to construct the solution to the 5D 
Einstein-Maxwell (EM) equations in which the gravity and electric repulsive 
forces cancel in the static case, and found a charged black ring solution 
with a conical singularity [14j. In these series of papers, we have shown an 
infinite number of solutions which shows that these equations are completely 
integrable systems, as in the 4D case [15]- [19]. Our conjecture is that the 
black hole solutions are given by the soliton solutions also in the 5D case. 

The study of 5D stationary Einstein equation with electric and dilatonic 
charges, which is inspired from the string theory and the brane- world scenario 
with large extra dimensions, is intereresting, but the solution has not been 
found yet. As an first step forward it, we study the 5D static case. The pur- 
pose of the present paper is to study the 5D Einstein-Maxwell-dilaton(EMd) 
equations and show its complete integrability by explicit construction of an 
infinite number of solutions. We study the 2-soliton solution in detail to in- 
vestigate whether the solutions include a black ring solution without conical 
singularity or not. We found the works[9j |20j-|22j in which the 5D EMd equa- 
tions are studied and the black ring solutions are obtained, but the methods 
used there are different from our explicit construction of an infinite number 
of solutions. 

The reason why we can apply the ISM to the 5D EMd equations is 
that there is a similarity between the 2D soliton equation and the higher- 
dimensional Einstein equation with axial symmetry. The higher-dimensional 
Einstein equation with axial symmetry is expressed in terms of the canonical 
variables p and z. Both the soliton and the Einstein equations are written as 
a 2D zero- curvature equation with these variables. When we add the dilaton 
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and electro-magnetic fields to the vacuum Einstein equation, the EMd system 
does not seem to be cast to the 2D zero-curvature equation at the first glance, 
but we are able to derive the 2D zero-curvature equation after introducing 
new functions. We already used a similar method to study equilibrium of 
two dilaton black holes with electric charges in four dimensions |19j. 

This paper is constructed as follows. In the following section, we show an 
infinite number of soliton solutions to the EMd equations by introducing new 
functions. The new functions are fit to express them as the 2D zero-curvature 
equation, which enables us to yield the soliton solutions. We leave the value 
of the dilaton coupling strength arbitrary throughout this paper. In section 
3, we discuss the 2-soliton solution in detail, which generally corresponds to 
black ring and/or black hole solutions. We analyse the solution by studying 
the rod structure of the solution, and show the 2-soliton solution is a black 
ring solution with electric and dilatonic charges but there is a conical singu- 
larity. By removing this conical singularity, we obtain the 5D dilatonic black 
hole solution. The last section is devoted to summary and discussion. 

2 Solutions of Einstein-Maxwell-dilaton equa- 
tions 

The action of 5D EMd gravity is given by 

S=^j d'x^ i^R - ^g^'^d.^d,^ - le-t°*F^,F'^^) , (1) 

and metric we consider is given by 

ds'^ = f{dp^ + dz^) + gabdx''dx\ (a, 6 = 0, 1, 2) (2) 
where / and Qah are functions of p and z. The 5D EMd equations read 

R^, = U^^d,^ + 2e-t"* [f^"F,„ - i<5^F'^'^F^,) , (3) 

= _|e-t"*F;3.F^^ (4) 

(e-|"*F^'^)^^ = 0, (5) 

with 

F^u ^fiiv • (6) 
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Here a is a constant. We solve these equations under the static condition 
with the coordinate condition detg = — p^. We also assume that there is 
only electric charge. Then, the part of the metric g = (gab) and the U{1) 
gauge field are assumed to have the following form: 



g = diag ( -h^^h^^, 



hi, 



+ + z 



Aq = -X, Ai=A2 = Ap = A, = 0, 



(7) 
(8) 



where hi and /12 are functions of p and z, and -2) is the electrostatic 
potential. Then, the EMd equations are explicitly written as 



[p{\nh 
(ln/),p4 



■^hih,e-l"''{x,l+X,l), 
[(ln/ii)„-(ln/i2),.] 



Vp^ + z'^ + z 

Vp^T^ 



(ln/ii),p4 



Vp^ + z'^ — z 

Vp^T^ 



(In/i 



+p[(ln hi),l +(ln /i2),? +(ln /ii),p (In /i2),p ; 



p[(ln hi),l +(ln h2),l +(ln hi)„ (In h2)„ 

2 
3 

z 1 / P 



-2p 



hihe-l-^ix^l-X.D-^i^,',-^,' 



(ln/),^+ . , . ^ 

p"^ + z"^ 2 \ VP"' + 2;^ 

a/P^ + + 2; , . 

(ln/ii),^4 



= [(ln/ii),p -(In /i2 



\/p^~+^ ^ ""^"^ ' Vp^ + z'^ 
+2p[(ln hi),p (In hi)„ +(ln /i2),p (In /;,2),^ 

+p[(\nhi),p (In /i2),^+(ln/ii),2 (In /i2),p] 
= -4p (^/ii/i2e-t"*x,p X,. -^*,p "^^z ) , 



(In /l; 



2),z 



{phih2X,p),p+{phih2X,z), 
V'^ = ahih2e-I'^''ix,l+X,l), 



4p 



1,2)(9) 



a/ii/i2($,pX,p+'^' 



(10) 



(11) 

(12) 
(13) 



where = 9^ + dp/ p + d"^. In order to solve these equations, we first 
solve Eqs.Q, (fT2|) and (fT3|) to obtain hi, $ and x, and then by substituting 
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the solutions into Eqs . (11111) and (fTT]) . we integrate them to obtain /. The 
technique is introductions of new functions by which the equations become 
simpler. 

Note that Eq. ([9]) is written as 

W\]nh,) = -^h,he-l"''ixi+X,l). (^ = 1,2) (14) 
Then, combining these equations with Eq. f|T3l) . we obtain 

V2(ln/., + ^$) = ^(a2_2)M2e-t"*(x,J+X,D, (^ = 1,2) (15) 
V^(ln/.,-^$) = -l(a' + 2)hhe-l'^''{x,l+X,l). (^ = 1,2) (16) 

By defining Hi and Hi by 

Hi = /i,e^*, H, = hie-"^", {z = 1, 2) (17) 
these equations are rewritten as 



VHnH, = ^ia'-2)H^H,ix,l+X,l), (* = 1,2) (18) 



V^ln^, = -^(a' + 2)H,H,{x,l+X,l), (^ = 1,2) (19) 



and Eq. (fT2l) reads 

{pHiH2X,p),p+{pHiH2X,z),z=0. (20) 
From Eq. (fT7|) we have the relations 



Hi _Hi _ hi 
H2 H2 h2 ' 

and the equations in Eq. (fT7|) are inversely solved to yield the relations 



(21) 



$ = ^(lni7,-ln^,), (2 = 1,2) (22) 
Inhi = ^{\nH, + \nH,). {t = 1,2) (23) 
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By using these expressions, Eqs. fllUp and fill I) are rewritten as 



(ln/),„4 



[{\nH,),,-{\nH2) 



Vp^ + z^ + 



-(lni^i),p4 



y/p^ + z'^ — Z 



a 



2 , 2 



2a2 



Vp^ + 

2 , /i„ nr N 2 



(Ini7i)4+(lni72)4+(ln//i),p (Inf^a) 



-(ln/7i),2-(ln/72),'-(lnifi),.(ln/72) 



:[(ln^i)„-(lniy2), 



(lnifi),p+ / 2 I 2 (^^-^2),p 



-P 



(lni70,p+(lni^2),J+(ln^i),p (Ini/: 

-(lni?i),2-(lni?2),^-(lni?i),.(lni?2),. 

2-2 



Vp2 + 
2a2 



2j;p 



-p [2(ln ffi) ,p (In i/i) ,^ +2(ln E^),^ (In f^a) ,p 

+ (lni7i),p (ln^2),p+(lni/2),p (ln^i),p 
-2(ln/7i)„(lni?i)„-2(lni/2),. (ln^2),. 



-(ln/fi)„(ln^2),.-(lni/2),.(ln^i; 



2pH,H2{x,;-X,t),m) 



(ln/),.+ 



p2 + 4 \ Vp^ + 



[(ln/fi),p-(ln/7; 



Vp^ + z^ 



-(lnffi),.4 



Z'' — z 



yfp^T^ 



(Ini^: 



2j,2 



+ 



a^ + 2 



2a2 



p [2(lni/i)„ (Inifi),, +2(lni72),p (lnff2) 



+ (ln/7i),p (lni72),.+(lnifi),. (In 1^2; 



'P . 



:[(ln^i),p-(ln^: 



2j)pJ 



4 v_yp2T^ 

^^^ + ^(lnif0.+^^^^^(ln//2). 



+ 



a^ + 2 



2a2 



-P 



2(lni?i)„ (lni?i)„+2(ln^2),p (ln^2), 
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+ (lni?i)„ (lni?2),.+(lniyi),.(lni?2),p 
- 2 r 

T^P 2a^^i)'P (lni?i),.+2(lnif2),p (Ini^s),. 

8a _ L _ 

+2(ln^i),p (Inifi),, +2(lniy2),p (Inifs),. +(lni^i),p (ln^2) 
+ (ln/72),p (lni?i),.+(lniyi),p(ln//2),.+(lniy2),p(ln//i)„ 
= -ApHiH2X,p X,z , 



(25) 



From Eqs. f|T8l) and f|T9l) we find ifj's and ifj's are related up to harmonic 
functions. Therefore, they are related to each other as 



In Hi 
with the equation 



1,2) 



V^lnAT, = 0. 



1,2) 



Substituting Eq. ([26]) into Eqs. ([2l]) and ([25]), we have 

P ^ ( P 



(In/) 



IP 



2),p_ 



— z 



(Ini?: 



2)-,z 



+p [(lniyi),;+(ln^2),;+(lniyi),p(lniy2),p 
-(ln^i),2-(ln^2),^-(lniyi),. (Inifa), 



[(lniVi)„-(lniV2) 



+ . . (lnA^i),p+ (lnA/^2),p 



y/p^Tz^ 



y/p^Tz^ 



+ 



a' + 2 



2a2 



-P 



(lniVi),^+(lniV2),2+(lniV0,p (IniVa 



-(lniVi),2-(lniV2),2-(lniV0,. (lniV2) 
:-2pi?ii?2(x,p-x'^ 



(ln/),.+ 



5p Ajz 7 ; 
2 1 



p2 + -2- 



2 a2 



^/p^T^ 



(26) 



(27) 



(28) 



+ -2^ + Z 



(ln^i),.4 



— z 



(ln^2), 



+p [2(ln E^),p (In i^i) „ +2(ln E^),^ (In i^s) , 
+(ln^i)„(ln^2),.+(ln^i)„ (ln^2),p^ 
1/" P 



^[(ln7Vi)„-(lnAr2) 



— z 



(InTVs), 



+ 



a' + 2 



2a2 



p [2{\nN{),p (InTVi),, +2(ln7V2),^ (InTV^), 



+ (ln7Vi),p(lnA^2),.+(ln7Vi),. (InTV^) 



-ApH^H^x.pX.z- (29) 



In order to solve these equations, we introduce /jv and fem by 

/ = \J Jn ■ fern, 

and require that /jv should satisfy 

H , . „ (lnA^i),p + 



a2 + 2 

^ ^ o P 



-(lnA^2) 



'P 



(In iVi) 4 + (In AT^) 4 + (In iV^ ) „ (In iVa) „ 
1/ P 



2o? 

-(In TVi) ,2 _(in ,2 _(ln iVi) „ (In N^) 



^[(ln7Vi),^-(lnAr2) 



(ln/iv),zH — 5— — 5 „i — 7 
p"' + 2 Y vp^ + 

\/~p^Tz^ + z \fjFTz^-z 
H / n . (In A^i) ,2 H ; , . (In A^2) , 



+ 



2q;2 



p[2(lniVi),p (IniVi),, +2(lniV2)„ (IniVs), 



+(ln TVi) „ (In 7V2) „ +(ln TV^) „ (In TV^) ,^ ] = 0, 



(30) 



(31) 



(32) 



which have similar forms to those of the corresponding equations in the 5D 
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static vacuum case. Then, /em should satisfy 
, P 2 / p 



(In/, 



em )ip 



:[(ln^i)„-(lni72; 



2),z 



(In /em), 2 + 



2 2 



(33) 



p2 + ^2 a2 + 2 V Vp' + 



[(ln^i),p-(ln^2) 



Vp^ + z^ + 



-(lni?i)„4 



(IniY; 



Vp^ + z'^ " Vp^ + z'^ 

+p [2(lniyi)„ (IniYi),, +2(lniy2),p(lniy2),. 



+ (In i?i) „ (In H2),z+ (In ^i) (In i^: 



8pH,H2X,pX,z, (34) 



which have similar forms to those of the corresponding equations in the 5D 
electro-static case. 

In order to solve Eqs. (|T9l) and (l20l) . we assume that the functions Hi and 
H2 have following forms 



Hi 
H2 



4 2 
l--(a2 + 2)cx + -(a' + 2)x' 

4 2 1-^/2 

l--(a2 + 2)cx + -(a' + 2)x' 



(35) 
(36) 



where is a function of p and and c is a constant. Then, Eqs. (IT^ and 
(12U]) are both put into the form 



4(a2 + 2)(x-c) 



3 - 4(a2 + 2)cx + 2(a2 + 2)^2 ' 
with the Laplace equation for In 

VMnAT = 0. 



(37) 



(38) 
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Next, we introduce a new function -R(p, z) through the relation 



e 



X = (39) 

R + m 



where e and m are constants satisfying 



3 

Then, Eqs. ( I35l) and (l36l) lead to 



2(«^ + 2) 

m = ce. (40) 



= ^iiiiV'^ (41) 



^ ^±^^^-1/2, (42) 



where 



d^^^^'-Y^""'. (43) 



Equation ( 1371) can also be expressed in terms of R as 



V^R = 2R{R^ -d^)-\R,l+R,l). (44) 
Then, introducing a function /i(p, z) through the relation 

R = (45) 

we obtain the Laplace equation for In h as 

V^ln/i = 0. (46) 

Note that we can construct the solution to Eq. fl37p for the electric potential 
X via R given in Eq. fHSl) . We rewrite (|33|) and fl34|) in terms of x ^'iid A^. 
Equation fl33|) is written as 



V^^^ J emj )p 



+ 



p2 + ^2 3 _ 4(^2 + 2)cx + 2(a2 + 2)x^ 
12p[2(«^ + 2)c2-3)](x,^-X,D 



[3 - 4(a2 + 2)cx + 2(a2 + 2)x2]2 
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a2 + 2 
and Eq. §^ as 

(In/, 



[z{\nN)„+p{\nN) 



4 



(lniV)2-(lniV), 



(47) 



Kx - c)x, 



p2 + ^2 3 - 4(a2 + 2)cx + 2(a2 + 2)x2 
24p[2(a2 + 2)c2-3)]x,pX,. 



[3 - 4(a2 + 2)cx + 2(a2 + 2)x2]2 
2 



+ 



a2 + 2 V 

By further introducing Qem(p, ^) through 



(48) 



1 



2y/p^T^ 

Eqs. f H7|) and fj^Hj) are expressed as 



l--(a2 + 2)cx+-(a' + 2)x' 



-2/(a2+2) 



(InQ 



em / )p ■ 



a2 + 2 



3p 
4 

+ 



{\nh),l-{\nh) 



+ 



(lniV)2-(lniV) 



[z(lniV)„+p(lniV)„]' 



Vp^ + z' 



(50) 



and 



(InQem), 



a2 + 2 



^(ln/i)„(ln/i)„+^(lniV)„ (IniV), 
[p(lniV)„-^(lniV)„]\ 



(51) 



We next rewrite Eqs. fl3T|) and fl32|) in terms of and N2- We rewrite these 
equations by introducing Qn{p,z) through 



AT 



and taking account of the relation 



N, 



(52) 



(53) 
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Eqs. ( IHTj) and (15^ are reduced to 



(InQ 
3p 



(In AT; 



2j,p 



3(a^ + 2)p 
4a2 



(IniVs) 2-(lniV2 



+ ^ [(lniV2),p (lniV)„ -(lniV2)„ (IniV),,] 



a2 + 2 



3(a' + 2)p, 



(lnQ;v),.= (lniV2)„+^^-^(lniV2)„ (lniV2)„ 
+ ^ [(lniV2)„ (lniV)„ +(lniV2)„ (IniV),,] 



a2 + 2 



(54) 



(55) 



As is seen from Eqs. (1271) . fl38l) and fj46l) . In A^2, In A^ and In h all satisfy the 
Laplace equation. When we restrict ourselves only to the soliton solutions, 
they can have solutions with different soliton numbers in general. However, 
they are too rich in analysing them. In order to clarify the structure of the 
solutions, we simplify the solution by assuming the ansatz that lnA'2 and 
In A^ can be expressed in terms of In h: 



hiN2 
In AT 



k2 In h, 



In h. 



(56) 
(57) 



where ki and /c2 are constants. Then, the functions hi and h2 in Eq. fl23|) are 
written in terms of h through the relations fl26l) . fHTl) . P2|) and fl53l) as 



h2 



d{l + h) + m{l - h) 
2d 

d{l + h) + m{l - h) 
2d 



2/(q2+2) 



^[c,2fci+(a2+l)fe2-l]/(a2+2)^ (58) 



2/(q2+2) 



^(a2fc,_fc2-l)/(a2+2) 



(59) 



From the definitions ( l30l) . ( l49l) and ( l52l) . we find that / is now expressed as 



-l/(a2+2) 



QNQem- (60) 
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The quantity Q defined by Q — ^/QNQem has a simple expression by using 
the above ansatz as 



(ing) 



a^(2fci + k2) 
2(a2 + 2) 



(\nh)„+^u[{\nh),l-{\nh) 



2(q;2 + 2) 

/C2 



[2;(ln/i),p+p(ln/i),2] , 
■ (In h) ,2 +pi/(ln h) ,p (In h) , 



2Vp^ + 



f [p(ln/i),p-^(ln/i), 



where 



1 



- + Sa^fci + 3a'^kik2 + ^ ^ kj 



The n-sohton solution for h is given by 

^ _ mm) 

pn ' 

with the pole trajectories 

[ik^Wk-z + (-l)'=-y(wfc - + p2, (A; = l,2,---,n) 

where Wfc(A; = 1, 2, • • • , n) arc constants. By using the formulas 



^[(ln/^)4-(ln/^),^] = ^In 



d 



n-2 



2v;^^T^ 



dp 



In 



P"'/' n( Pfc-P/)^ 

n(Mi + p2) 

(v/;5^+?+^r/2n(^Pfc)^/^ 
n(Vp' + + ^ + 



we obtain 



(61) 

(62) 
(63) 

(64) 

(65) 

(66) 
(67) 

(68) 



where C^"^ is a constant to be determined by the asymptotic flatness condi- 
tion and 

,2 



n 

Ui — — u 
2 



n 



«2 + 2 



[a% + (Q;2 + l)A;2], 



1^2 



{n-2)u + 



1 



q;2 + 2 
13 



[a^ki + (a^ + 1)A;2]- 



(69) 
(70) 



Here we summarize the result. The metric components are given by 



9n 

922 

9pp 



(72) 
(73) 



and the dilaton field and the electric potential are given by 



X 



3a 3a(l + 2/ci + /ca) , , 

m A H -— ^ In a, 

8 4(a2 + 2) 

^(1-^) ir-(«^+2)/4 



2(i 



(75) 
(76) 



where K is given by 
K ■ 



d{l + h) + m{l - h) 
2d 



4/(a2+2) 



(77) 



and h is given by Eq.([6i 

We illustrate the solution by taking n = 2 or 2-soliton solution case. In 
this case, h and Q are given by 



h 

Q 



r,2 ' 



(78) 



2{zo + d){Vp^T^ + 



-\k2 



(VP^ + Z'^ + Z + Pl)(VP^ + -2^ + Z + fi2)_ 



P1P2 



[Q2fci + (a2 + l)fc2)]/(a2_^2) 



P^(P2 -Pl)^ 



(79) 



where we have put w\ = zq — d and W2 = -Zo + c^, and so yUi and /i2 are given 
by 



Pi 

P2 



zo - z - + y (zo - -2 - c?)^ + P^, 

2:0 - Z + d - W (Zq - -2 + C?)^ + P^- 



(80) 
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By transforming the variable z to z + Zq, we rewrite these poles as 

/xi = -{z + d) + ^{z + dY + p^, 
Ii2 = -{z -d)- ^J{z-dy + p^, 

and define new poles by 



-- -{z + Zo) 

= -{z + zo) + ^{z + zo)^ + p^. 
With these expressions, the 2-sohton solution is given by 



9n 

922 



f = 



X 



_^-l^-(2a2fei+a2fe2-2)/(a2+2) 
^[a2A;i+(a2+i)fc2-l]/(Q2+2) 

2^{z + Zor + p' 
-2{zo + d)p 



fc2 



K 



(81) 



(82) 



(83) 
(84) 
(85) 



(86) 



We note that p and p* have the same forms as the poles pi and p2. There- 
fore, by regarding them as poles at different positions, we note the metric 
components are completely expressed in terms of these poles. In the following 
section, we analyse the rod structure of this 2-soliton solution. By requiring 
the horizon to exist, we determine the parameters ki and k2- 



3 Analysis of Solutions 

We now study p ~ behaviors of the metric components, or the rod structure 
of the 2-soliton solution obtained in the previous section. We divide the z- 
axis into four intervals separated by values z — —zq and z — ±d and assume 
that these parameters are ordered as follows, without loss of generality: 



oo < —d < d < —Zq < oo. 



^7) 



If gu oc p2 



1,2) in some interval, the rod is space-like and in d/dx^ 



direction, and p-i plane is perpendicular to the 2;-axis. Going around the 
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z-axis in the i-th direction, we study the period of the coordinate x*. The 
behavior of the metric components for p ~ in each region is as follows. 

(i) oo > ^ > —zq 

'Z + m\ -V("^+2) -(2a^..+a^..-2)/(a^+2) 

(88) 



goo 



9u 



z + d 

^2 



Z + d, 



+ 2/(a2+2) _ ^\ [a2fei+(a2+l)fc2-l]/(a2+2) 
2(z + Zo) V Z + d) 



g22 ^ 2{z + Zo) 



z + d 



+ m\2/("'+2) fz-d' 



(a2fci-fc2-l)/(a2+2) 



Z + d 



) 



z + d, 



1 /Z + m\ V("^+2) _ d\ ["^'=i+("^+l)*^2-l]/(a^+2) 



2{z + ZQ)\z + d) \z + d 



, (89) 
(90) 

• (91) 



In this interval, we note that gu ~ 0{p^). Since the rod is in d/dx^ direction, 
we study the period Ax^ to find that 



Ax^ = 27rlimW— = 27r, 

which shows no conical singularity in this interval, 
(ii) —Zq > z > d 

'Z + m\ -4/(«'+2) fz-d\ -(2"''=l+"''=2-2)/(a2+2) 



(92) 



900 



9n 



922 



f 



z + d 
-2{z + Zo) 



\z + d) 

Z + 2/(a2+2) / ^ _ ^\ [«2fcl+(a2+l)fc2-l]/(a2+2) 



Z + d 



z + d, 



^ 2/(a2+2) (z-d\ 



X 



2{z + zq) \z + dj \z + d^ 

2(^ + ^o) V ^ + U + (^y 

(^ + d)(^o + o?) 



(93) 

,(94) 
(95) 



(^_d)(zo-d)J • ^^^^ 

In this interval, we note that (^22 ~ ^{p^)) ^'^'^ the rod is in d/dx^ direction. 
So we study the period Ax^ to find that 

k2/2 

I , (97) 



Ax^ = 27r hm 



P^O y gr22 



Zq - d^ 
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which shows that the parameters should be adjusted to avoid the conical 

singularity. 

(iii) d > z > —d 



9oo 



s -4/(a2+2) 

" + j ^4(^2 _ ^2^j(2a2fci+a2fe2-2)/(a2+2) 

„2 : L„,2 r 



y .-2(2a-'fciWfc2-2)/(a^+2) 

' , , X 2/(a2+2) 



(98) 



5(11 -2{z + 2:0) 



2rf 



[4((i^ - ;22jj-[a2fci+(a2+l)fc2-l]/(a2+2) 



5'22 



/ 



^ p2la^ki+{a^+l)k2-l]/{a^+2) 

2(2 + Zo) V 2rf j 

^ ^2(a2fci-fc2+a2+l)/(a2+2) 

1 f d + m 



(99) 



[4((i^ - ^2^j-(a2fci-fe2-l)/(a2+2) 



(100) 



2/(a2+2) 



X 



2(2 + ^0) V 2rf 
4{d^-z^){z + zo) 
zo- d 



[4(ci^ - ;22^)j-[a2fci+(a2+l)fe2-l]/(a2+2) 



k2 



2u 



d^-Z^ 



P 



(101) 



The behavior in this interval depends on the values of a, ki and k2- 
(iv) —d > z > —00 



9oo 



z — m 
z — d 



gu ~ -2(2; + ^o) 



-4/(a2+2) _^ -(2a2fci+a2fe2-2)/(a2+2) 

2/(a2+2) ( z + d\ ["^'=i+(°''+l)'=2-ll/(°^+2) 



z — m 



922 



2(z + zq) \ z — d 



z — d 

(a2fei-fc2-l)/(a2+2) 



■J 



2(^ + ^o) w-o?J 





— c?^ 




+ d 




- d 




+ d 




-d 



{a^ki-k2-l)/{a^+2) 



(102) 
(103) 
(104) 
(105) 



In this interval, we note that g22 ~ ^(p^) ^ i^i the interval (ii), and the 
period Ax"^ is given by 



Ax^ = 27r hm 
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27r, 



(106) 



which shows that there is no conical singularity. 

We first determine the values of the parameters of ki and k2 by limiting 
ourselves to finding physically interesting solutions. We investigate the black 
hole solutions where the metric components should behave in the interval 
(iii) as 5^00 ~ p"^, Qii ~ 5*22 ~ p°, f ^ P^ ■ This turns out to require that 

a'(2fci + A;2 + 1) = 0, (107) 

a^ki + (a^ + l)k2 -1 = 0, (108) 

a^ki -k2 + a^ + l = 0, (109) 
that determine the parameters as 

{a2_ 0,^2 = 1}, or {ki = -1, k2 = l}. (110) 

Noting that the solution with = is reduced to the 5D EM solution, we 
fix ki and k2 as ki = —1, k2 = I- Then, the rod in [—d, d\ represents the 
event horizon and is sandwiched by the rods in the same d/dx^ direction. 
This shows that the topology of the event horizon is S"^ x as in the static 
black ring and static charged black ring cases. Therefore, the solution in 
Eqs. fl83l) - fl86l) with ki = —1 and A;2 = 1 is a black ring solution with electric 
and dilatonic charges. The solution can be written as 

goo = -K-^K (111) 

(711 = p*v^, (112) 

g22 = -ixv^h-\ (113) 

y ^ {zq + d)^ ^ip^{n2 - Pif ^-^^^^ 

^{Z + Zof + p'^illl - p) (P2 - P) (Pl + P^){P2 + P^) ' 

and dilaton fields and the electric potential are given by 

$ = -ylnir, (115) 
X = ^^{l-h)K-^-'^^y\ (116) 

Note that when m = d and accordingly e = and K = 1, the solution is 
reduced to the static black ring solution. 

In order to elucidate the structure of the solution given here, we introduce 
the prolate spheroidal coordinates x and y by 



p = dv/(x2-l)(l-y2), (117) 

z = dxy. (118) 
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In these coordinates we have the expressions 
x-1 



h = 

K = 

Hi = 

* 



x+V 

dx + m 



4/(a2+2) 



d{x+l)_ 
d{x-l)il-y), 
-d{x-l){l + y), 



-{dxy + Zq) - {dxy + zq)^ + d'^{x'^ - 1)(1 - y'^), 
-{dxy + ^o) + yJ{dxy + Zof + d''{x''-l){l-y-'). 



(119) 

(120) 

(121) 
(122) 

(123) 
(124) 



Using these quantities, we can rewrite the metric components Qqq, gu and 
5^22 in terms of x and y, and we also obtain the components g^x and gyy in 
the metric: 



9xx 



9yy 



-d.'^izo + d.)^/Kfi 



^{dxy + z,y + d^{x^-l){l-y^){lii - 

-d'-(zo + (r}\/Kfiix^ -1) 



(125) 
-.(126) 



^{dxy + zor + d^{x^-l){l-y^){f,i - ;,)(;,2 - /^)(1 - y') ' 

The point z — —zq on the z-axis in the coordinates (p, z) corresponds to 
{—zo/d, 1) or {zo/d, —1) in the coordinates {x,y). The horizon appearing in 
the interval [—d, d] on the 2;-axis exists in the region specified by a; = 1 and 
— l<y<lm{x,y). The region specified by — 1 < a; < 1 and — 1 < y < 1, 
which can not be expressed by the coordinates (p, z) , represents the inside of 
the horizon. We find that a curvature singularity lies at x = — 1, which can 
be shown from the curvature invariant behaving as 

R""^^^ Rad'yS ~ constant x ~ 



This curvature singularity is covered with the horizon of the dilaton black 
ring. 

We next study the asymptotic behaviors of the metric components, the 
dilaton fields and the electric potential. Using 

2d 



h 



K 



1 - 



1 + 



4 m — d 
a'' + 2^/p^T^' 



(128) 
(129) 
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y I 




Figure 1: The horizon and the curvature singularity are depicted in the x-y 
plane. The hatched region characterized by — 1 < a; < 1 and — 1 < ?/ < 1 is 
inside of the horizon aX x = 1. 

as + z'^ oo, we have 



5(00 ~ -1, gu z + \Ip'^ + z'^ 

1 



g22-z+^p^ + z\ f-^^j^^^ (130) 

which shows the metric becomes asymptotically fiat, and the fields approach 
to 

(b 3a m- d 

From Eq. fl971) we find that there is a conical singularity in [ci, — ^o]- Iii 
order to get rid of the conical singularity, there can be two ways. The first 
is to set d = —zq, which gets rid of the interval itself. The second is to make 
Ax^ = 271 by imposing d = 0. We first compute the d = —zq case. In this 
case, the metric components 5'oo,5'ii and 5^22 are given by the same forms as 
in Eqs. (fmD- (fTT3|) with 

h = -i^, (133) 
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and the component / is given by 

V^p^(/xi - fi) 

where we have used the hmit 

zo + d J{z + Zo)^ + p^ 
hm = —- . 

d-^-zo IJ,2 — IJ' IJ' 

Introducing the hyper-spherical coordinates r and 9 by 

1 



we have 



(r2-2m)2-4d2sin2e, 
z — -{r^ — 2m) cos 29, 



[I = -{r^ -2m-2d)cos^9, 
^* = (r^ - 2m + 2c^) sin^ ^, 
= (r^ - 2m - 2rf) sin^ ^, 
— 2m — 2d 



h 
K 



r2 -2m + 2rf' 

/ ^2 \ 4/(a2+2) 



-2m + 2dJ 

By using these expressions the metric components are reduced to 

r^-2m- 2d f r^ - 2m + 2ci \'/^"'+'^ 
^™ — 2m + 2d \ J ' 



^2 \ 2/(a2+2) 

On = (r^ - 2m + 2d) sin^ ^ ( — , 

/ ^2 \ 2/(a^+2) 

£,22 = {r^ - 2m + 2d) cos^ 9 



f 



r^-2m + 2dj 
r^-2m + 2d ( P V^^'"''^'^ 



(r2 - 2m)2 - 4^2 cos^ 29 - 2m + 2d^ 



21 



Then, noting the relation 



we obtain 

ds" 



y -2mf -Ad^ cos^ 26 



r'^dr'^ 



2m) 2 - 4rf2 



+ de'^ 



(147) 



+ 



1 - 



2{m + d) 



2(m + d) 



2\2l 



where 



Y = 1 



2(m - d) 



;i48) 



(149) 



This metric has an event horizon at = 2(m + c/) and a curvature singularity 
at = 2(m — (i). Because this singularity is covered with the horizon, the 
metric represents 5D dilaton black hole. This type of solution was first given 
by Gibbons and Maeda[23j. The difference from their solution comes from 
the imposition of the coordinate condition det g = —p^ in our solution. We 
find 



9oo ■ dr 



V-"V{"^+2) 



(150) 



which does not equal to —1 showing the violation of the equivalence principle. 
The extremal case obtained in the limit d = has no event horizon but 
curvature singularity at = 2m. This should be compared with the 5D EM 
case where the metric becomes the 5D Majumdar-Papapetrou-type solution. 

The second possibility of removing the conical singularity is setting d = 0. 
When d = and 2:0 7^ 0, we get the metric components 



900 
9ii 

922 

f 



p* 

-pJKo, 



'■0 ; 
^0, 



2^{z + zoy + p''' 



(151) 
(152) 
(153) 

(154) 
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where 

We find that the solution has a ring-like structure at ^ = 0, and near the 
ring the metric components behave as 

^00 ~ (156) 

This shows that there are two eigenvectors belonging to the zero eigenvalue 
for g, which leads to a curvature singularity at p = and z — 0. 



4 Summary and Discussion 

In this paper we obtain an infinite number of static solutions to the 5D EMd 
equations, which shows that 5D EMd equations are completely integrable 
despite their apparent complexity. The solutions are specified by their soliton 
numbers. We examined the 2-soliton solution in detail by studying its rod 
structure. By requiring the existence of the horizon, we determined the 
parameters which come in when we assume an ansatz. The rod structure of 
the 2-soliton solution thus obtained is the same as those of the static black 
ring case and the static charged black ring case, that is, there is a conical 
singularity. 

We get rid of the conical singularity by imposing some constraints between 
the positions of the poles. We thus obtain the 5D dilaton black hole solution. 
This solution is a comprehensive solution in a sense that the EM solution 
is obtained by setting a = and the static black ring solution is obtained 
by setting m — d. The difference between the EMd black hole solution and 
EM black hole solution arises in the extremal case where d — 0. In the 
EM case, we have a 5D Majumdar-Papapetrou-typc solution. On the other 
hand, EMd solution has a curvature singularity and so it is not a black hole 
solution. The same situation can be also found in the 4D case. 

It is well known that the Majumdar-Papapetrou(MP) solution is ex- 
pressed in terms of the multi black hole solution in four dimensions, but, 
in the 5D case, such a solution does not exist in the EM case, and neither 
in the present case with the dilaton field. In the 4D case, we can obtain 



23 



the MP solution by imposing the extremal condition, which enables us to 
remove the conical singularities aligned along the 2;-axis. The corresponding 
condition in the present case is (i = 0, by which naked singularities appear 
in replacement of the vanishing of conical singularities. A possible solution 
of evading conical singularities might be found in the stationary case such 
as black sat urn [TU] and there may be a dilatonic black saturn solution in the 
stationay case. 

Last of all we list up the subjects which should be studied in future. In 
addition to the stationary case mentioned above, the higher number of soliton 
solutions need be investigated to clarify their physical meaning. Since our 
construction of the solutions depend on the ansatz (15^ and by removing 
these ansatz and allowing for an arbitrary soliton numbers for lnA'^25 InA^ 
and Inh, new type of physically interesting solutions may be found. In the 
construction of n-soliton solution, we start with a vacuum solution in this 
paper. When we adopt more complicated solution as the seed solution, we 
might obtain some other interesting solutions. 
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